Signals propagating in waveguides can be decomposed into normal modes that exhibit dispersive characteristics. Based on the dispersion analysis, the warping transformation can be used to improve the modal separability. Different from the warping transformation defined using an ideal waveguide model, an improved warping operator is presented in this paper based on the beam-displacement ray-mode (BDRM) theory, which can be adapted to low-frequency signals in a general shallow water waveguide. For the sake of obtaining the warping operators for the general waveguides, the dispersion formula is first derived. The approximate dispersion relation can be achieved with adequate degree of accuracy for the waveguides with depth-dependent sound speed profiles (SSPs) and acoustic bottoms. Performance and accuracy of the derived formulas for the dispersion curves are evaluated by comparing with the numerical results. The derived warping operators are applied to simulations, which show that the non-linear dispersion structures can be well compensated by the proposed warping operators.
I. INTRODUCTION
In underwater acoustics, the normal mode theory is an effective method to describe and analyze the acoustic field. According to the normal mode theory, 1,2 signals propagating in a shallow water waveguide can be decomposed into a set of modal components, which exhibit dispersive characteristics. There are various studies based on the dispersive effect of normal modes such as the analysis of dispersive characteristics, [3] [4] [5] [6] source localization, 7 dispersion removal, 8, 9 and geoacoustic inversion. [10] [11] [12] [13] [14] [15] [16] [17] In most studies, the modal characteristics are extracted from the timefrequency representations (TFRs) to analyze the signals in the time-frequency domain. [18] [19] [20] In the time-frequency domain, each mode is described by the dispersion curve, which can be used as an input for many applications. However, for some ocean environments, modes are not always distinguishable with the conventional TFR methods. Recently, warping operators have been introduced as signal-processing tools to improve the modal separability. [21] [22] [23] [24] [25] [26] [27] The warping transforms are designed to compensate for the dispersive effect and isolate the modal components. Thus the warping transformation facilitates the extraction of modal features.
The form of warping transformation is related to the dispersion of waveguides. The warping operators used in Refs. [21] [22] [23] [24] were built based on an ideal waveguide with perfect reflection boundaries. The Pekeris unitary operator introduced by Touz e et al. 25 was built using an approximate dispersion formula for a Pekeris model and based on this operator, frequency and time-frequency representations were developed to filter modal components. In Ref. 25 , the dispersion relation for the Pekeris model was derived based on the approximation v p v g ¼ c 1 , where v p and v g are phase velocity and group velocity of acoustic waves and c 1 is the sound speed of sea water. Although this approximation holds for the ideal waveguide, it has no theoretical base for the Pekeris waveguide as stated in Ref. 25 . Without using that approximation, a more accurate dispersion formula for the Pekeris waveguide was presented in Ref. 27 using the BDRM theory, 28, 29 which provides the concise group velocity and modal attenuation formulas by using the reflection coefficients and cycle distance of eigen-ray. Theoretically, different waveguide models (e.g., ideal waveguide models or Pekeris models) lead to different forms of warping operators, although the warping operators derived from the ideal waveguide may be probably adapted to many low-frequency shallow-water scenarios. 21, 22 This leads to a question: In theory, what is the form of the warping operator for the general waveguides with arbitrary sound speed profiles of sea water and fluid bottoms?
The key to the derivation of warping operators is to obtain the dispersion relation (frequency f as a function of time t). As an extension of Ref. 27 , the dispersion relation for the Pekeris case is discussed in more detail in this paper. The whole frequency band is divided into two intervals bounded by the Airy frequency for which both the dispersion formulas are given. Further, the derivation of the warping transformation for the general waveguide with a nonisovelocity sound speed profile, which usually exists in midlatitude shallow water, is given by taking advantage of the BDRM theory. Although it is difficult to obtain the exact dispersion formula in a general waveguide, we can get an approximate dispersion formula with adequate precision by including the first-order terms of Taylor expansion. Then the warping operators can be derived by integrating the a) Author to whom correspondence should be addressed. Electronic mail:
nhq@mail.ioa.ac.cn dispersion formula. The performance of the proposed warping operator is verified for different waveguide models, and the comparison of different warping operators is given when there is an environmental mismatch in the warping model. It should be stressed that the derived warping operators in this paper are only adapted to the low-frequency shallowwater waveguides in theory, i.e., the surface-reflected bottomreflected (SR-BR) modes. This will be discussed in detail in the following sections. In addition, the bottom is assumed to be a fluid medium where the shear waves are neglected.
The paper is organized as follows. Section II briefly describes the BDRM theory. In Sec. III, the derivation of the dispersion relation in shallow water is given. In this section, the dispersion relation of Pekeris model derived from the BDRM theory is first reviewed, followed by the case of an inhomogeneous waveguide with a depth-varying sound speed profile in sea water. Section IV presents the warping operators for the general waveguide based on the dispersion formula derived in Sec. III. Simulations are performed to validate the proposed warping transformation. Finally, Sec. V provides the summary.
II. BRIEF DESCRIPTION OF BDRM THEORY
The BDRM theory 28 is one of the normal mode methods. The received pressure field, excited by a harmonic point source after propagation in the waveguide, can be expressed as a sum of WKBZ modes, 28, 30 the horizontal wavenumbers of which satisfy the eigen-equation
and
where
In Eqs. (1) and (2), l l is the horizontal wavenumber, b l is the modal attenuation, f l1 and f l2 are the upper and lower turning or reflecting depths, respectively, and kðzÞ is the wavenumber in sea water. V 1 ðl l Þ and V 2 ðl l Þ are the plane wave reflection coefficients on the upper boundary at depth f l1 and the lower boundary at depth f l2 . u 1 and u 2 are the phases of V 1 and V 2 , respectively. Sðl l Þ in Eq. (3) is the cycle distance of eigen-ray in sea water. d 1 ðl l Þ in Eq. (4) and d 2 ðl l Þ in Eq. (5) are the beam displacements of the eigen-ray on the upper and lower boundaries, which represent the corrections for the ray length, i.e., Sðl l Þ þ d 1 ðl l Þ þ d 2 ðl l Þ constitutes the ray length over one period.
As an example, Fig. 1 illustrates the eigen-ray expressed by the BDRM theory in the shallow-water waveguide.
The modal group velocity can be expressed as
where is a multi-valued function of time t. Hence to obtain the solutions, the whole frequency band is divided into two intervals bounded by the Airy frequency (i.e., the frequency corresponding to the Airy phase). Denote the cutoff frequency and the Airy frequency by f cut and f Airy , respectively. Then the frequency intervals can be represented by ½f cut ; f Airy and ½f Airy ; þ1. Actually the dispersion formula in Ref. 27 is adapted to the frequency interval ½f Airy ; þ1. In the following, dispersion equations are discussed for these two frequency intervals, respectively.
Dispersion relation for frequency f > f Airy
Because the total energy of the received signal is dominated by the components over the frequency interval ½f Airy ; þ1, this part of the group velocity curve is more important at long ranges. For a more detailed derivation of the dispersion formula for this frequency band, the readers can be referred to Ref. 27 . Here we just briefly give the main steps on the derivation.
For a homogeneous water column, the cycle distance in Eq. (3) and the travel time of eigen-ray in Eq. (7) become
and 
Neglect the high-order terms in Eq. (12), and the modal group velocity can be approximated by
Inserting Eqs. (10) and (11) into Eq. (13) yields
On the other hand, the modal group velocity can also be written as
where R is the distance between the source and the hydrophone, and t is the travel time of the wave-packet, satisfying t ! R=c 1 . By combining Eqs. (15) and (16), the horizontal wavenumber can be written in terms of time t,
For the Pekeris waveguide, Eq. (1) can be written as
where u b is the phase of the bottom reflection coefficient. By inserting Eq. (17) into Eq. (18) and replacing k 1 with 2pf =c 1 , the instantaneous frequency can be obtained,
where t 0 ¼ tð1 þ Þ and u b ðtÞ ¼ À2/ b ðtÞ. Because the horizontal wavenumber can be expressed as a function of time t, the phase u b or / b can be also written in the time-dependent form, which will be discussed in Sec. IV B. For further simplification, Eq. (19) can be expanded as a function of t 0 into a Taylor series around t, f ðtÞ ¼f ðtÞ þf 0 ðtÞ Á t;
wherê
In Eq. (20),f 0 ðtÞ denotes the derivative off ðtÞ with respect to the argument t. Note that the first termf ðtÞ on the right hand side of Eq. (20) 
where the prime denotes the derivative with respect to t.
Then the expression of is derived as follows. From Eq. (17), the horizontal wavenumber can be approximated by
With Eqs. (5), (9), and (23), the beam displacement and the time delay reduce to
Inserting Eqs. (10), (11), (23), (24), and (25) into Eq. (14) yields
Combined with Eqs. (22) and (26), the second term of Eq. (20) becomeŝ
Note that the second term on the right hand side of Eq. (27) is generally a small quantity compared to the first term. So we neglect the second term in Eq. (27) and write the final result as
Equation (28) is the derived more accurate dispersion formula for the Pekeris waveguide over the frequency band ½f Airy ; þ1 by taking account of the effect of bottom beam displacement on the modal group velocity. For comparison, the dispersion formula Eq. (3) in Ref. 25 is also rewritten as follows:
2. Dispersion relation for frequency f cut < f < f Airy
Generally, the frequency interval ½f cut ; f Airy is a very narrow band for each normal mode, whereas the group velocity varies rapidly over this band. Actually modes near cutoff are weakly excited. 1 Hence the contribution of this part is insignificant at long ranges. Because this part of frequency band is of minor interest, here we just present the final form of the dispersion formula (the detailed derivation is shown in Appendix A)
where q 1 ; c 1 are the density and sound speed of water, and q 2 ; c 2 represent the density and sound speed in bottom. Note that the dispersion relation Eq. (30) is derived in the absence of bottom absorption (see Appendix A). The derived formula Eq. (30) will be validated by the simulation in Sec. IV C 1.
B. Dispersion relation for a non-isovelocity waveguide
Generally, the sound speed in shallow water is depthdependent. In this part, we present the generalized warping operator adapted to the waveguide with a depth-varying SSP in sea water. Because we are mainly concerned about the long-range propagation, the dispersion relation for frequency interval ½f cut ; f Airy , which is similar to that of the Pekeris waveguide, is not given in this paper. In the following derivation, the interval ½f Airy ; þ1 will be our concerned frequency band. As mentioned in Sec. I, only the SR-BR modes are considered in the derivation, which means that the upper turning depth f l1 ¼ 0 and the lower turning depth f l2 ¼ D.
As the sound speed of sea water is depth-dependent, we represent the SSP as
where aðzÞ denotes the quantity varying with depth (commonly, jaðzÞj ( 1) and c is the average sound speed, which
Actually, the expression of SSP may have various forms in theory. However, the form in Eq. (31) proves convenient in the derivation of dispersion relation. Combination of Eqs.
(31) and (32) yields
Equation (33) is very helpful in the following derivation. The wavenumber of sea water can then be written as
For the case of depth-varying SSP, the integrals in Eqs. (1), (3), and (7) can be simplified by a Taylor expansion around the average sound speed. By expanding the kernel of integral into a Taylor series and retaining the first-order term, the cycle distance in Eq. (3) can be written as
Taking account of Eq. (33), Eq. (35) can be simplified to
According to the same approach as in the preceding text, the expression of the travel time of eigen-ray can be obtained as
Equations ( (10) and (11) . For the waveguide with a depthdependent profile, the average sound speed c and wavenumber k are included in Eqs. (36) and (37) instead of the constant sound speed c 1 and wavenumber k 1 in homogeneous models. With the same procedures as Eqs. (12)- (16), the horizontal wavenumber can be obtained in terms of t,
For the SR-BR modes, the phase of the surface reflection coefficient is Àp, and the phase of the bottom reflection coefficient is u b ¼ À2/ b . Then the eigen-equation can be written as
Expanding the kernel of the integral into a Taylor series and retaining the first-order term, then Eq. (39) can be rewritten as 
By inserting Eq. (38) into Eq. (41), we obtain the dispersion relation for the waveguides with a depth-varying profile in sea water,
where t 0 ¼ tð1 þ Þ. Equation (42) is also the same as Eq. (19) (20)- (27) . Then the final dispersion formula for the waveguide with a depth-dependent SSP is 
IV. WARPING OPERATORS AND SIMULATIONS
A. Warping operators
By the frequency integration method similar to that in Ref. 25 , the warping operators for our concerned frequency interval ½f Airy ; þ1 can be achieved from the derived dispersion relation, i.e., Eq. (43). To get the warping operators, the instantaneous phase of the received signal should be calculated. Because the instantaneous phase is a nonlinear function of time t, the warping operators should be designed to compensate for this nonlinearity. Because the instantaneous frequency is the derivative of the instantaneous phase, the modal phase can then be obtained as 
Actually, f cl is the "equivalent cutoff" frequency of mode l for an ideal waveguide, where the sound speed is c. vðtÞ, which is different from Eq. (12) in Ref. 25 in the form, represents the effect of bottom on the instantaneous phase of the received signal.
As mentioned in Ref. 25 , to obtain the linear modal structures, the developed warping operator should be designed to compensate for the two phase terms nðtÞ and vðtÞ. Note that in Eq. (47), vðtÞ is independent of the mode number l explicitly. It means that all the modes have the same expression of vðtÞ. Thus to compensate for it, the modulation operator M q is introduced as 25 ðM q xÞðtÞ ¼ xðtÞe i2pqðtÞ ;
where xðtÞ is the received signal and qðtÞ ¼ ÀvðtÞ. For the sake of compensating for the first phase term f cl nðtÞ in Eq. (47), the time-warping operator W w is given by 25 ðW w xÞðtÞ ¼ jw 0 ðtÞj 1=2 x½wðtÞ;
where wðtÞ is the warping function, and satisfies
By combining the operators W w and M q , the warping operator for the general shallow water waveguide can be constructed as ðO w; q xÞðtÞ ¼ ðW w M q xÞðtÞ ¼ t wðtÞ 
Equations (47) and (52) are the instantaneous phase and the corresponding warping operator, respectively. For the ideal waveguide, it is easy to derive the corresponding warping operators. From Eq. (44), the instantaneous phase for an ideal waveguide can be obtained as
where the corresponding cutoff frequency is
Then the warping operator for ideal waveguides can be simplified to ðO w xÞðtÞ ¼ ðW w xÞðtÞ ¼ t wðtÞ
Equation (55) is the warping operator used in Refs. 21-24. After the warping transformation by Eq. (52) or (55), the modal phases of the received signal become linear and each mode is mapped into a pure frequency f cl .
B. Calculating the phase of bottom reflection coefficient
The form of the warping operator has been obtained. To implement the warping transformation, / b in vðtÞ [i.e., Eq. (48c)] should be expressed as a function of time t. The phase of the bottom reflection coefficient is related to the bottom models. Different bottom models, e.g., semi-infinite homogeneous bottom or multi-layered media, lead to different expressions of / b . In addition to the bottom models, the bottom absorption also has an effect on the phase / b theoretically. Here we just briefly present the final results for a homogeneous fluid bottom. For a more detailed derivation, the reader is referred to Ref. 27 . The case including the bottom absorption is also rewritten in Appendix B.
Neglecting the bottom absorption, the phase of the bottom reflection coefficient can be written as
where k 2 represents the wavenumber of the bottom halfspace, and q 1 , q 2 are the densities of water and bottom, respectively. By inserting Eq. (23) 
In Eq. (57), c 2 is the sound speed of bottom, and the time t satisfies R=c 1 t Rc 2 =c 2 1 . If the bottom absorption is considered, the phase u b of the bottom reflection coefficient can be obtained by performing a few steps of mathematical operations (see Appendix B):
In Eqs. (58) and (59), argument b satisfies a ¼ bk 2 , with a being the absorption coefficient of bottom in nepers/meter.
C. Simulations
In Sec. III, we have obtained the dispersion relation for waveguides with a constant SSP and a depth-varying SSP in sea water, respectively. Subsequently, the warping operators based on the dispersion formulas are derived in Sec. IV A. In this part, simulations are performed to compare the derived dispersion formulas with numerical results. Then the performance of the warping transformation is examined for different waveguide models. Further, the comparison of different warping operators is given when there is mismatch between the simulated environment and the warping model.
Comparison of dispersion relation
The accuracy of the derived dispersion formulas is examined by comparing with the numerical results calculated by the code KRAKEN. 31 The dispersion formulas for a Pekeris model and a non-isovelocity waveguide, respectively, are investigated.
In Ref. 27 , the comparison of dispersion relation is investigated for the Pekeris model including bottom absorption. Different from that, two cases of the Pekeris waveguide are considered here. In the first case, the bottom is modeled in the absence of material absorption, and then in the second case, the absorption is included. The environmental parameters of the Pekeris waveguide are shown in Fig. 2 .
For the first case without the bottom absorption, Fig. 3 shows the comparison of dispersion curves calculated by different methods. As shown in Fig. 3 , the dispersion curves computed by Eqs. (28) and (30), corresponding to the frequency intervals ½f Airy ; þ1 and ½f cut ; f Airy , respectively, are closer to the KRAKEN solutions compared with the results of Eq. (3) in Ref. 25 . The phase / b ðtÞ in Eq. (28) takes the form of Eq. (57), which is derived from the model without bottom absorption. Note that in Fig. 3 , neglect of the contribution of the beam displacement causes an error of arrival time over the whole frequency band.
The second case, where the bottom absorption is included in the Pekeris model, is investigated by choosing different values of the absorption coefficient. In the simulations, the absorption coefficient a is taken to be 0:002k 2 Np/m (i.e., 0.109 dB=k, which is relatively small) and 0:02k 2 Np/m (i.e., 1.09 dB=k, which is relatively large), respectively. The corresponding dispersion curves are illustrated in Fig. 5 ), if the absorption is neglected in the model [i.e., the phase / b ðtÞ takes the form of Eq. (57)], the errors in dispersion relation occur as the frequency approaches the cutoff. However, due to the weak energy near cutoff for long-range propagation, the effect of bottom absorption on the warping transformation is limited.
Then the dispersion formula is investigated for the waveguide in the presence of thermocline. The environment for simulation is depicted in Fig. 6 . Different from the Pekeris waveguide, the SSP of sea water, which was recorded in one of the experiments, varies in depth. The dispersion curves above the Airy frequencies are illustrated in Fig. 7 . According to the environmental parameters, the numerical solutions are calculated by KRAKEN, denoted by solid lines in Fig. 7 . The circles in Fig. 7 indicate the dispersion curves computed by Eqs. (43) and (58). Figure 7 shows that the modal arrival time calculated by the derived formula is very close to the numerical results for most frequencies. The relatively large error occurs in the high frequency band for the low-order normal modes (see Fig. 7 ). It is because the normal modes at high frequencies are not SR-BR modes in the case of a negative gradient.
Performance of warping operators
To investigate the performance of warping transformation, the derived warping operators are applied to the simulated signals propagating in waveguides. As mentioned in Sec. I, the goal of warping operators is to transform the nonlinear modes into the linear structures. To examine the validity of the derived warping operators [i.e. Eqs. (52) and (55)], simulations for different waveguides (i.e. ideal waveguide, Pekeris waveguide and non-isovelocity waveguide) are performed.
The environmental parameters in Fig. 8 (a) are used to model the ideal waveguide with a pressure-release surface and a rigid bottom. Figure 8 For the Pekeris waveguide with a fluid bottom, the environmental parameters are shown in Fig. 9(a) . Figure 9 (b) exhibits the received signal in time domain with the frequency from 20 to 200 Hz. It is observed from the frequency spectrum in Fig. 9(c) that after the warping transformation, the energy of each mode is still concentrated upon the pure frequency ð2l À 1Þc 1 =4D, which demonstrates that the derived dispersion formula Eq. (28) and warping operator Eq. (52) are accurate for Pekeris model.
Finally, the performance of the warping operator is examined for the general waveguide with a depth-varying profile. The waveguide is modeled with a SSP measured in a summer experiment. The configuration is shown in Fig.  10(a) . The frequency band of the simulated signal is 20-200 Hz, and the broadband signal in time domain is given in Fig. 10(b) . Figure 10(c) shows the result of frequency spectrum from the warping operator Eq. (52), which is applied to the original received signal. By taking advantage of Eqs. (48b), (48c), and (52), the phase of the received signal is transformed into linear structures successfully and the location of each peak in frequency spectrum corresponds to the theoretical frequency, i.e., Eq. (48a). In the following, for simplicity, the warping based on the ideal waveguide [21] [22] [23] [24] is called ideal-warping, the warping based on an approximate Pekeris waveguide 25 is called Pekeris-warping, and the methodology proposed in this paper is called BDRM-warping. The comparison of these three different warping results is given in the following simulations.
Examples of Pekeris waveguide are taken to illustrate the effect of bottom speed mismatch on the warping. The environmental parameters of simulated Pekeris waveguide are shown in Fig. 11 , where the bottom sound speed is 1650 m/s. First, the frequency spectra after the three different warping transformations without model mismatch are given in Fig. 12(a) . As shown in Fig. 12(a) , compared with the results of ideal-warping and Pekeris-warping, the spectrum after BDRM-warping has sharper peaks and the locations of these peaks are much closer to the theoretical frequencies ð2l À 1Þc 1 =4D.
Then we consider the case where the bottom speed used in warping model mismatches the simulated environment. Now suppose that the values of bottom speed used in warping model are 1600 and 1700 m/s, respectively (i.e., the errors are À50 and 50 m/s with respect to the simulated environment). Figure 12(b) shows the frequency spectra of the received signal with bottom speed c 2 ¼ 1600 m/s in warping model after ideal-, Pekeris-, and BDRM-warping, respectively. Similarly, the results are shown in Fig. 12(c) when the bottom speed is taken to be 1700 m/s in the warping transformations. It is shown from Figs. 12(b) and 12(c) that the spectra after BDRM-warping still have sharp peaks around the theoretical frequencies when there is bottom speed mismatch between warping model and the simulated environment. The simulations demonstrate that the BDRMwarping is a robust transformation with respect to the model mismatch. Another advantage of the robustness is that we can determine the mode number of the filtered mode because each of the peaks in spectrum is close to the theoretical frequency ð2l À 1Þc 1 =4D.
V. SUMMARY
The warping transformation provides an effective method to separate the normal modes for impulsive signals. Different from the warping operator based on the ideal model hypothesis, this study presents an improved warping operator based on the BDRM theory, which can be adapted to low-frequency signals in general shallow water waveguides. To obtain the warping operators, the dispersion formulas for different waveguide models are derived from BDRM theory. By including the bottom beam displacement and utilizing the approximation of Taylor expansion, we obtain a more accurate dispersion relation. After the transformation with the improved warping operators, the instantaneous phase of the received signal is linear in time.
The derived dispersion relation and the corresponding warping operators are validated by numerical simulations. By comparing with the numerical results, the dispersion formulas are shown to be highly accurate. The corresponding warping operators have been applied to the simulated signals successfully. Each warped mode is an approximate sinusoid corresponding to its cutoff or "equivalent cutoff" frequency. Once the original signal is transformed into warped modes, the conventional modal filtering techniques can be used to extract the separate modes.
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